demonstrates graphene is a very promising high mobility material for ultra fast electronic device applications.
I. Introduction
Graphene as one of monolayer two-dimensional (2D) materials has attracted a lot of research interests since it was first isolated in 2004 [1] [2] . One of the most superior electronic property in graphene is the high carrier mobility, which make graphene a promising candidate for next generation high speed electronic devices and energy devices [3] [4] [5] The unique massless Dirac fermion structure in graphene also makes graphene transport special, compared to conventional 2D electron gas. In this paper, two distinct methods are used to derive and evaluate relaxation time in graphene diffusive transport. One is directly from Boltzmann transport equation; the other way is based on scattering cross-section. The results are shown to be the same. Linear Thomas Fermi screening, zero temperature and ionized impurity scattering are used to simplify the calculation process and demonstrate the physics. In the end, potential energy, relaxation time and carrier mobility are calculated, plotted and discussed.
In additional to unique ballistic transport [6] [7] [8] , diffusive transport occurs in graphene when medium dimension (e.g. device length) is much longer than carrier mean free path, which is a more important transport mechanism for electronic device applications. The Boltzmann transport equation (BTE) is used as a standard way to study the diffusive transport [9] [10] [11] [12] [13] .
[i]
is the carrier velocity, is the number of particles, is the applied electric field. In steady state without dependence, Eq. 1 can be simplified into a reduced Boltzmann equation. Applying the relaxation time approximation and considering a low field for linear response, we arrive at [9] − ℏ
The transition rate from state | to state | ′ is denoted as B,BS and can be written down by
Fermi's golden rule We start with schematic model in Fig. 1 to study graphene diffusive transport properties.
To be specific, we consider an atomically thin, infinite sheet of graphene on a SiO 2 insulator with a non-magnetic, ionized impurity that is located a distance M below the graphene-SiO 2 interface.
The modeled geometry is cylindrically symmetric. We focus on electrons in this section and thus graphene is n-type doped. Among all the scattering mechanisms, we mainly consider ionized impurity scattering (in some literature also called charged impurity interaction, or Coulomb impurity interaction) because (1) ionized impurity scattering is the dominating mechanism in low temperature transport (e.g. < 100 ); (2) ionized impurity scattering is relatively straightforward. Once we get familiar with the calculation procedures, we can extend our theory to other scattering mechanisms by switching the interaction Hamiltonian in Eq. 4.
II. Relation time evaluation using scattering matrix
For ionized impurity interaction, the scattering potential energy at ( , ) can be written as ( , ) = The two normalized "pseudo-spin" [11, 18] 
We define the transfer wave vector = ′ − , and the scattering matrix becomes
The integrals in Eq. 12 can be done analytically with following two integral identities. It is worth mentioning that Eq. 13a and 13b are very commonly used in 2D materials transport theory. It is worth noticing that calculating the scattering matrix in Eq. 11-12 includes the same approach as doing the Fourier transform. Moreover, we find that both and only depends on the magnitude of = or = , which is true for graphene since it is an isotropic material.
Before we proceed to evaluate the diffusive transport in graphene due to ionized impurity scattering, we also need to consider the effect of electron screening. We start with a simple linear Thomas-Fermi screening. Considering the screening effect, the in Eq. 14 is modified to be Using Eq. 6, the momentum relaxation time " can be written as in Eq. 19 is an integral which is solely determined by , and can be calculated numerically. We assert that for isotropic material such as graphene, " is indeed determined by carrier energy only, i.e. independent of incoming state direction.
III. Relation time evaluation using scattering cross-section
Another way to derivate the relaxation time equation in Eq. 19 and evaluate the ionized impurity scattering in graphene via the differential scattering cross-section Š‹ Št B→BS and scattering amplitude • . In the lowest order Born approximation, the scattering amplitude for graphene can be found in Novikov [19] . [ 
(23)
The momentum relaxation time can be written as [10] ,
is the total scattering cross-section, which can be calculated by integrating which is identical to Eq. 19. Thus we have demonstrated how to calculate momentum relaxation either directly from BTE, or using the differential scattering cross-section approach.
IV. Numerical calculation and discussion of mobility and relaxation time in graphene
At this point, we can numerically compute " with physical parameters for the model in Fig. 3a and Fig. 3b . Calculating the angle integral in Eq. 19 for every , we can plot " as a function of in • 1 − , which reduces to delta function for = 0 . For non-zero temperature calculations, please refer to [15] . Additional phonon process can be found in [16] [17] . For nonlinear Thomas Fermi screening, please refer to [10] . In this paper, diffusive transport in graphene with linear Thomas Fermi screening is studied. Ionized impurity scattering is used to illustrate the calculation procedures. Two different methods, directly from Boltzmann transport equation or using scattering cross-section method, are shown to derive the momentum relaxation time. With calculated " , mobility can be further evaluated. As graphene is an isotropic material, " is solely determined by (i.e. " depends on magnitude of incoming , rather than the angle). Numerically calculated and " are plotted and discussed in the end. 
